ABSTRACT This paper investigates the optimal design method of switched reluctance machines (SRMs) for mitigating torque ripple and improving average torque under the low speed operation. In order to produce high torque for hill climbing or overload start-up of micro electric vehicles (EVs) and reduce the converter capacity, an SRM with four times torque overload capability and two times speed range with constant power is needed. To improve the SRM performance, first, a new method called multiphase excitation (MPE) method for calculating resultant static torque is adopted, which takes the cross-coupling and magnetic saturation into consideration to reduce the calculation error bought by the traditional method called single-phase excitation (SPE) method; second, optimal methods, including parameters sensitivity analysis, multi-objective optimization function, and winding connection types, have been taken to release the magnetic saturation, to improve average torque, and to depress torque ripple. Compared with the initial scheme, the torque ripple is minimized from 55.33% to 14.84% and the average torque is improved by 8.36%. The experimental results validate the effectiveness of the proposed methods.
I. INTRODUCTION
Permanent magnet synchronous motors (PMSMs) are widely used in electric vehicles (EVs) and hybrid electric vehicles (HEVs) for its high torque density, high power density and high efficiency [1] - [3] . However, the PMSMs with rareearth materials such as Neodymium and Dysprosium are high in cost and there is a concern about the irreversible demagnetization of permanent magnet under high temperature [4] , [5] . Therefore, the electric motors with less or no rare-earth are required for the next generation of EVs and HEVs.
Several projects have been launched to investigate the substitute motors. Switched reluctance machines (SRMs), due to their merits such as simple structure, rotor robustness, working in harsh environments, higher torque overload capability at low speed, higher efficiency at high speed and so on,
The associate editor coordinating the review of this manuscript and approving it for publication was Xiaosong Hu. have been one of the possible candidates of rare-earth-freemotors for EVs or HEVs [6] - [9] . In contrast, the drawback of the torque ripple of SRMs caused by the cross-coupling and magnetic saturation when providing the peak torque is tough to avoid. Due to the high torque ripple of SRMs at low speed caused by the doubly salient structure, the switching operating principle and the saturated flux, the promotion of SRMs contrast to permanent-magnet motors in EVs is limited [10] - [12] . Therefore, it is necessary to reduce the torque ripple and enhance the minimum torque of SRMs at the same time keeping their torque density characteristics unchanged or improved. To decrease the torsional vibration of hybrid powertrain, a dynamic model is established [13] , [14] .
Many investigations including the motor topologies improvement and advanced control strategy have been undertaken over past few decades in order to enhance average torque and reduce torque ripple. In [15] , a mutually coupled 6/4 SRM with a modified rotor pole is designed to keep high torque density and reduce torque ripple. However, the currents of the adjacent phases holding large amplitudes simultaneously are hard to achieve at high speed for the existence of inductances. Paper [16] investigates the effects of combination of skewing stator and rotor on vibration reduction. To a certain extent, the torque ripple has been reduced, but other performance such as average torque and efficiency are also reduced at the same time, which is not an effective solution for solving torque pulsation. A novel 6/10 SRM is proposed and compared with the traditional 6/4 topology, which shows that a higher number of rotor tooth can provide lower torque ripple at non-saturation condition in [17] . However, the torque ripple could be deteriorated compared to traditional topology. Paper [18] presents a novel method of profiling the currents to minimize the torque ripple of a SRM, which is a combination of machine design and control algorithm. Instantaneous current profiling technique is adopted in a switched reluctance servo motor in [19] , however, the ideal current reference profiles should be more accurate. Direct instantaneous torque and force control based on PWM control scheme is introduced to keep the torque and radial force constant, but the operating range is limited to lower speed range (up to 40∼50% of the maximum speed) [20] .
A comprehensive framework for multi-objective design optimization of the SRM is proposed to synchronously achieve the target of maximizing torque density and efficiency, and minimizing the torque ripple based on design of experiments and particle swarm optimization in [21] . However, the average torque was not taken into account, which is indeed crucial for improving the torque performance. An 80 kW segmental rotor switched reluctance machine for automotive traction is optimized with static and dynamic analyses [22] .
These literatures above exhibit great contribution to the average torque improve and torque ripple depress of the SRM. However, for the EVs motors with wide speed range are always connected with the gear boxes, the speed down ratio of which reaches 15, the difference between maximum and minimum torque is amplified, thus the EVs are more sensitive to the static torque ripple of SRM with four times torque overload under severe saturation. Thus, smoothing the resultant static torque waveform of the SRM under severe saturation is the key point of this paper.
In previous point of view, the phases of SRM are independent and the resultant torque can be obtained by adding the single phase torque, but under overload condition the overlapping conduction adjacent phases share the path of the stator yoke which causes the stator yoke more saturation and the cross-coupling between phases that lead to a decrease of the permeability of steel and the torque will goes down. Thus, if the saturation and the cross-coupling are ignored under overload condition, the calculation results is not true and the resultant torque is over estimated. In this paper, a new method called multiphase excitation (MPE) method is proposed to calculate the resultant static torque of the SRM under saturate condition. Compared to the traditional method called single-phase excitation (SPE) method, the MPE method takes the cross-coupling and magnetic saturation into consideration to reduce the calculation errors of the torque ripple and average torque. Then, based on the MPE method, comprehensive framework including parameters sensitivity analysis, multiobjective, multi-variable optimization function and winding connection types are proposed to mitigate the static torque ripple of the highly saturated SRM with four times torque overload. Finally, by means of the proposed optimization methods, a 12/8 SRM with four times torque over load is designed. The average resultant and torque ripple of the optimized scheme is verified by experiment results.
II. INTRODUCTION AND COMPARISON OF THE MPE METHOD AND THE SPE METHOD
When the SRMs operating at low speed with severe saturation, the back electromotive force (EMF) is low and the current can be regarded as the chopping current in the conduction interval. Thus, instead of transient magnetic field the torque waveform can be achieved by static magnetic field. There are two merits, one is that the convergences of each steps of calculation can be ensured and another is that the time consumption can be reduced. Instead of SPE method that the resultant torque is obtained by adding the torque produced by one phase excitation, the MPE method is put forward to calculate the resultant static torque of SRMs. To obtain the maximum resultant torque, the currents are set 180 electrical degrees excitation (i.e. from unaligned position to aligned position), so there will be 60 electrical degrees overlapped between phases called multiphase conduction region. With MPE method the two phases are applied current excitation simultaneously in multiphase conduction region and the resultant torque can be obtained directly without adding operation. Whereas with SPE method the resultant torque is obtained by adding the torque produced by single phase excitation. Comparing to SPE method, the saturation and cross-coupling between phases are taking into consideration in MPE method which allows accurate calculating the torque produced by multiphase excitation simultaneously. (hereafter SRM2), respectively. The specifications of the target SRM is shown in table 1. 180 elec. deg. conduction is employed to maximize the torque capability. With the excitation current 180A, the resultant static torques in one period of the two SRMs are shown in Fig. 2 . We can see that the torque calculated by MPE method disagrees with that calculated by SPE method both in SRM1 and SRM2, during the adjacent phases conducting simultaneously (e.g. 0 elec. deg. to 60 elec. deg.) and the torque calculated by MPE method and SPE method both in SRM1 and SRM2 are the same in the single phase conduction region (e.g. 60 elec. deg. to 120 elec. deg.). This divergence is caused by cross-coupling and magnetic saturation of the adjacent phases. The influence between adjacent phases has been ignored in the point view of SPE method, however, it worsens the rock bottom of the resultant torque waveform significantly especially under saturation condition which is obvious in the SRM1 scheme. Whereas at the commutation point the torque produced by previous phase is zero, so the resultant torque produced by two phases and single phase are the same at 60 elec. deg.. Compared to SPE method, the MPE method can calculate the resultant torque more accurately, thus, in the next sections the resultant torques are calculated by MPE method. 
III. OPTIMIZED METHODS OF IMPROVING AVERAGE TORQUE AND MINIMIZING TORQUE RIPPLE
Due to the various geometric dimension parameters of SRMs and the nonlinear relationship between parameters and performances, the number of degrees of freedom exceed 6 and the number of calculation is over 10 6 (take 10 values at one degree of freedom), thus, it is impossible to optimize all of the parameters at the same time to obtain an excellent performance of the SRM. During the optimization process, it is found that the effects of different parameters on average and torque ripple are quite different. So parameters sensitivity analysis (PSA) is introduced to obtain the average torque and torque ripple responding to the dimension parameters. Based on the responses (i.e. sensitive or insensitive to the objectives), the multi-variable complex system is divided into several levels of subsystems. By optimizing the subsystems orderly according to the response levels, the complexity of the optimization can be reduced [23] .
In the subsystems, multi-objective and multi-variable functions which combine the average torque and the torque ripple by weighted factors are adopt to obtain the optimal solutions. According to the response of sensitivity grades, the optimization sequence is from most sensitive to least sensitive and the optimized parameters are passed down in proper order. Finally, all of the geometry parameters can be confirmed. The flow chart of the proposed optimization framework is shown in Fig. 3 . Firstly, define the parameter variables, constraints, and objectives of the optimization. Secondly, based on the sensitive analysis with FEA solver, divide the multi-variable complex system into several sub-system. Thirdly, perform the multi-objective optimization and obtain the optimum solutions. Then pass the optimal geometry parameters from a sub-system to the next sub-system. Finally, the optimized geometry parameters of the complex optimization of SRM can be obtained.
A. PARAMETERS SENSITIVITY ANALYSIS
To guarantee the external constraints unchanged before and after optimization, several geometric dimension parameters should be constrained. The out diameter of stator D s and the length of the stack length L a which are limited by the headspace for motor installation are constant. The number of turns N p of winding that is related to the voltage and the maximum speed range and the air gap g between stator and rotor that is made as short as manufactured possible are unchanged. The current density J in windings that is limited by temperature rise in windings etc. and the slot fill percentage S fil which is restricted by technics are also unchanged. The maximum chopping current is set 180A, which is determined by the capacity of converter. Besides, there are still 6 parameters including stator/rotor yoke width H cs /H cr , stator/rotor pole arc β s /β r , bottom stator tooth arc T ps and rotor out diameter D a to be optimized. The constant parameter values and the constrained variable are listed in table 2. Basic rules for the SRMs design should be followed such as:
1) The stator/rotor pole arc β s /β r should satisfied equation (1), for the requirement of self-start ability at any rotor position [10] .
where q and N r are the phase number of SRM and the number of rotor tooth.
2) To avoid the flux density unevenly distribute in magnetic circuit parts, the stator/rotor yoke width H cs /H cr should meet the constraints in equation (2) . Here, the constraints of H cs /H cr are different from the literature [24] , where the severely saturate condition is not considered.
In the actual SRM, the current waveform depends on the inductances and the rotational speed. In this paper, the SRM is working at low speed, so the phase currents reach chopping value instantaneously. Thus, the current waveform can be assumed as the simple rectangular waveform to simplify the estimation of the resultant torque [25] . Fig. 4 shows the example of the current waveform. The current is simplified by a 180 elec. deg. excitation waveform and the magneto motive force (MMF) F t is calculated as below: where S fil , A slot , and J are the slot percentage, area of one stator slot, and current density. The area of one stator slot A slot is a function of rotor out diameter D a , stator pole arc β s , stator yoke width H cs , bottom stator tooth arc β bs . They can be obtained refer to (4) .
where T s , K hcs, g, and β bs are the stator pole-width, stator yoke coefficient, air gap between stator and rotor and increment of bottom stator tooth arc.
Although new variables are in introduced, the degrees of freedom in not increased, because they are not independent. With 180 elec. deg. current excitation waveform, the period of resultant torque is 120 elec. deg. (Winding connection types will influence the resultant torque period which will be analyzed in section IV and the analysis are based on a typical winding connection in this section). Here the resultant torque average T av and torque ripple R ip are expressed by the variance of static torque according to torque waveform in a period refer to (5) .
where n is the number of sample data in one resultant torque period, T i is the i th resultant static torque calculated by FEA among the n torque samples,
(T i ) are the maximum/minimum torque in the n torque samples.
The static resultant torque can be predicted by using the flux ψ and the current I curves and the static torque can be calculated using the flowing equations: [25] 
where W m (i,θ) is the energy stored in a phase winding, W m (i, θ) is the co-energy, ψ is the flux linkage of the winding, i is the excitation current, θ is rotor position and T is the instantaneous torque. It should be note that in this model without consideration of saturation and mutual inductances, the resultant torque can expressed by (7).
where i and L are the phase current and self-inductance. When it comes to multi-phase conduction, considering the mutual inductance, the flux linkage of SRM is described as below: [26] 
where subscripts i, j, and k are phase A, B, and C, L and M are phase self-inductance and mutual inductance between phases, i are the phase currents. In addition, the inductance matrix is symmetrical.
The total co-energy of machine is
where n represents the number of conducting phase simultaneously, ψ i and i i are the flux linkage and current of the i th phase winding.
Combing (6), (7) and (9), the resultant torque can be expressed by (10) [27] .
The derivation of the resultant torque above is only suitable for liner magnetic circuit, however, with the help of frozen permeability (FP) method accounting for magnetic saturation and cross-coupling, which is increasingly used in permanent machines to calculate the on-load cogging torque and phase back EMF, the reasons of the discrepancy on resultant torques from the aspect of self-inductance and mutual-inductance can be explained. The applicability of this method is verified and the implementation steps are introduced in [28] , [29] . With the FP method, the self-torque and the mutual-torque can be accurately calculated even under non-linear conditions. Therefore, equation (10) will still be applicable for resultant torque analysis even when heavy magnetic saturation occurs. Fig. 5 shows that the response of torque average T av and torque ripple R ip of the six independent parameters. The Y 1 axis range (average torque) is set from 36 N·m to 52 N·m and the Y 2 axis range (torque ripple) is set from 20% to 90%. Fig. 5 (a) and (b) show that the average torque firstly increases then decreases sharply and the torque ripple goes down sharply with the increase of stator yoke coefficient K hcs and the increment of bottom stator tooth arc β bs . Evidently, the ranges caused by K hcs and β bs are the maximum, thus, these two are the most sensitive parameters. Fig. 5(c) shows that the average torque is improved around 12% with the increase of stator pole arc β s whereas the torque ripple firstly decreases then increases but still around 50%. Fig. 5(d) shows that with the increase of rotor out diameter D a , the average torque raises gradually but torque ripple is around 60%. Thus, the average torque and torque ripple are general sensitive to D a and β s . Fig. 5(e) and Fig. 5(f) show that the average torque and torque ripple are constrained within relatively tight bounds with the augment of rotor pole arc β r and rotor yoke coefficient K hcr . So these two are the most insensitive parameters. Based on the analysis above, the parameters are divided into three grades, i.e. grades I: the most sensitivity ( β bs and K hcs ) which should be pay more attention, grades II: general sensitivity (β bs and D a ) and grades III: not sensitivity (K hcr and β r ).
B. MULTI-OBJECTIVE OPTIMIZATION
According to the sensitive classification, the multi-variable complex system is divided into 3 subsystems. It is independent optimization among the three subsystems and the variables are collaborative optimization in one subsystem. Here the objective function with two weighted factors can be expressed as below,
where (12) .
where Z opt are the optimal values. Fig. 6 show the response of objective function to different combinations of weighted factors for grade I, where G1(W 1 = 0.8, W 2 = 0.2), G2(W 1 = 0.5, W 2 = 0.5), and G3 (W 1 = 0.2, W 2 = 0.8). It can be observed that the optimal solutions of the objective function are different from each other under different combinations of weighted factors. The weighted factor represents the importance of the objective for the optimization project. So if the average torque is the focus, the W 1 can be set high, then the sample data with high average torque will be screened out; if the torque ripple is the focus, the W 2 can be set high, then the sample data with low torque 
ripple will be screened out. Here, the average torque is the objective to be considered first, so G1 is adopted in the grade I optimization. After optimization the values of β s and K hcs are set 7 mechanical degrees and 0.9.
Similarly, Fig. 7 are the responses of objective function of grade II and grade III. To reach a global compromised case on average torque and torque ripple, the weighted factor variable combinations of grade II and grade III are (W 1 = 0.8, W 2 = 0.2) and (W 1 = 0.2, W 2 = 0.8), respectively. Fig. 8 (a) and (b) show the average torque and torque ripple maps of the geometric parameters. The contour and color scale indicate identical torque trajectory in the plain of K hcr and β r in vertical and horizontal axes, respectively. The maximum resultant torque is 53.6 N·m, when K hcr and β r are 1 and 19.44 mechanical degrees. Whereas the minimum torque ripple is 8.5%, when K hcr and β r are 1.6 and 15.56 mechanical degrees. Note that the values of K hcr and β r for maximum resultant torque and minimum torque ripple are not the same. Thus, the indicators are adopted to comprehensively evaluate the SRM performances. Finally, taking all of the factors into consideration, the optimized variables Z and targets average torque T av and torque ripple T rip are listed in Table 3 . Comparing to the initial scheme as shown in Table 2 , the average torque is improved by 8.36% and the torque ripple is decreased to 14.84%. The magnetic flux density of the SRM before and after optimized are compared in Fig. 9 . We can observed that the partial saturation in stator yoke has been relieved. 
IV. TOPOLOGIES OF THE WINDING CONFIGURATION
According to the stator magnetic polarity, there are three types of the winding connections in 12/8 SRM. One is NSNSNSNSNSNS (defined as Type 1), another is NNNSSSNNNSSS (defined as Type 2) and the other is NNSSNNSSNNSS (defined as Type 3, here this type is not discussed). Due to the winding polarities between adjacent phases is alternating or not, the period of the resultant torque is different, i.e., for Type 1 the period is 120 elec. deg., but for Type 2 it is 360 elec. deg. The relationship between winding connections and output torque will be discussed in this section. Using the MPE method in static magnetic field and defining the current excitation, the resultant torque in one period can be obtained by parameterizing the rotor position. If we want get the Type 2 layout from Type 1, change the polarities of middle phase as shown in Fig. 10 . From Fig. 11 , we can observe that there is a difference between the torque waveforms of the two winding connections in the region of 0 elec. deg. to 60 elec. and 120 elec. deg. to 180 elec. deg. and the maximum difference reaches 5.69 N·m at the position of 40 and 160, elec. deg. which is caused by the torque produced by mutual inductance. The average torque decreases 1.5 N·m and the torque ripple worsens 9.0%. The Type 1 connection is used in the final scheme, for the average torque and torque ripple of Type 2 are all poor comparing to Type 1.
V. EXPERIMENT
In order to validate the theoretical analysis and perdition, the optimized 12/8 SRM prototype is built as shown in Fig. 12 and the geometric parameters of the initial and optimized are listed in Table 4 .
Due to the response speed of the torque sensor in hand is not fast enough, the instantaneous resultant torque waveform cannot be obtained directly. But a test fixture as shown in Fig. 13 is designed to measure the static resultant torque with the chopping current in one cycle to prove the validity of the optimization algorithm. Comparing to the transient torque measurement method, this method overlooks the hysteresis current that is small enough comparing to the chopping current. And the torque produced by hysteresis current is a slight perturbation overlaying on the static resultant torque. Thus, the torque ripple can also be reflected by the static resultant torque at low speed at overload condition. In Fig. 13, FIGURE 12 . Stator and rotor of the optimized prototype SRM. the tested motor shaft, torque measuring sensor and fixed disk are connected in series by two couplings that must be hard links. The position of rotor can be obtained by the decoder and the torques can be achieved by torque sensor, the range and resolution ratio of which are 100 N·m and 0.1 N·m. The current is provided by a DC regulated power supply (model EA-PS 8240-170), whose maximum output current is 170 A, thus, the excitation current in one phase is set up 160 A in the experiment. The test steps are as follows, firstly, lock the two couplings. Second, based on the rotor position, select the phase to supply dc current and when it comes to two-phase conduction, connect two phase wires in series and the torque displayed on board is the motor static torque. Third, release the left coupling and rotate the motor shaft a certain angle according the decoder. Then, repeat the above steps.
To verify the accuracy of the experiment, the measured and calculated by FEA single phase static-torque are shown in Fig. 14 . We can observe that the maximum error between calculated and measured torque is 2.42% of the maximum torque, because there are pole tips on the workmanship steel lamination of stator, which worsen the magnetic path saturation especially at the near align position. So, it should be pay more attention to the pole tips on stator tooth, if the torque ripple is a major consideration in the design. Using the workmanship steel lamination of stator with pole tips, the resultant torque waveforms are calculated with current excitation 160A. First, by adding the measured singled phase static torque (SPE method), the resultant torque is shown in Fig. 15 . Meanwhile, the predicted (MPE method) and measured resultant torque waveforms of the two winding connection types are also shown in Fig. 15 . We can see that the resultant torque obtained by SPE method cannot match the measured resultant torque at the multiphase conduction region, which is caused by ignoring the cross-coupling between adjacent phases and the saturation in stator yoke. Whereas, the predicted resultant torque waveforms by MPE method in the two winding types agree with the measured ones. And also the predicted and measured average torques are shown in table 5. To verify the response speed of the phase current at low speed at the turn-on and turn-off moment. Fig. 16 gives the current waveforms of different chopping currents at low speed 200 r/min. The turn-on is set as 0 • , turn-off angle is set 22.5 • and the chopping current are set as 50A, 100A, 150A and 200A, respectively. As can be seen that the current reaches the chopping current value instantaneously at turn-on and drops down zero immediately at turn-off, which verify that the excitation current can be set as chopping current at conduction region. The output torque of measured and calculated by FEA are compared in table 6. Due to the current hysteresis and back EMF, The predicted torque is a little higher than the measured one, but in an acceptable scope. The current waveform of rate power at 2800 r/min is shown in Fig. 17 . The turn-on is set as −5.5 • , turn-off angle is set 14 • . The output torque is about 13.1 N·m, which illustrated that the optimized SRM reaches target torque.
VI. CONCLUSION
This paper puts forward a new method, i.e., MPE method, to calculate the resultant torque of SRMs operating at low speed, by which the influence of the multiphase overlapped conduction to saturation has been taken into consideration. Comparing to the traditional method (SPE method), the resultant torque calculated by the MPE method is closer to the measured one. Based on this method, comprehensive framework including parameters sensitivity analysis, multiobjective, multi-variable optimization function and winding connection types are investigated to mitigate the static torque ripple of the highly saturated SRM with four times torque overload. By the application of the subset quasi-orthogonal algorithm, the complexity of the SRM optimization process was reduced. In order to achieve proper compromise among average torque and torque ripple, the multi-objective optimization function with weighted factor was adopted. Finally, a 12/8 SRM with four times torque over load was designed and manufactured. The average resultant and torque ripple of the optimized SRM was verified by experimental results. Comparing the optimized SRM to the traditional one, the torque ripple is minimized from 55.33% to 14.84% and the average torque is improved by 8.36%. Measured results verified the effectiveness and practicality of the proposed methods and the optimized SRM scheme has better comprehensive performance than the initial design.
